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If X is a completely regular space it is proved that (i) υ X is Lindelöf Σ if and only if
there exists a covering {Aα: α ∈ Σ} of C(X) indexed by a subset Σ of NN such that
if A(α | n) = ⋃{Aβ : β ∈ Σ, β(i) = α(i), 1  i  n} for each (α,n) ∈ Σ × N and U is
a balanced neighborhood of the origin in Cp(X) then for each α ∈ NN there is n ∈ N such
that A(α | n) ⊆ nU , and (ii) υ X is K -analytic if and only if there is in C(X) a locally convex
topology stronger than the pointwise convergence topology with a base of absolutely
convex neighborhoods of the origin of the form {Vα: α ∈ NN,  > 0} with Vβ ⊆ Vα
if α  β . We also show that (iii) if Cp(X) is a Baire space with a closed Σ-covering of
limited envelope, then X is countable. A number of applications of these results are given.
© 2008 Elsevier B.V. All rights reserved.
1. Preliminaries
In what follows we will assume that all topological spaces (spaces for short) are non-empty, completely regular and
Hausdorff. We equip the set N of positive integers with the discrete topology and NN with the product topology. If α,β ∈ NN
we will write α  β if α(n) β(n) for every n ∈ N. Recall that a space is called Lindelöf Σ if it is a continuous image of
a space that can be perfectly mapped onto a second countable space [1,10]. Alternatively a space X is Lindelöf Σ if and only
if X is countably K -determined [12], that is, if there is an upper semi-continuous (usc) map T from a subspace Σ of NN into
the family K(X) of all compact subsets of X such that ⋃{T (α): α ∈ Σ} = X . This can be shown to be equivalent to saying
that (i) {T (α): α ∈ Σ} covers X and (ii) if αn → α in Σ and xn ∈ T (αn) for every n ∈ N the sequence {xn} has a cluster
point in T (α). A space X is called K-analytic (respectively quasi-Souslin) if there is a map T from NN into the family of all
compact sets in X (respectively into the family of all subsets of X ) such that (i) {T (α): α ∈ NN} covers X and (ii) if αn → α
in NN and xn ∈ T (αn) for each n ∈ N the sequence {xn} has a cluster point contained in T (α) (see [16, I.4.2 and I.4.3]).
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quasi-Souslin and Lindelöf Σ , and every Lindelöf Σ-space is Lindelöf.
Let Σ be a subset of NN and A = {Aα: α ∈ Σ} a family of subsets of a space X . For each α ∈ Σ and n ∈ N deﬁne
A(α | n) =
⋃{
Aβ : β ∈ Σ, β(i) = α(i), 1 i  n
}
.
Clearly Aα ⊆ A(α | n) for every n ∈ N and A(α | n+1) ⊆ A(α | n) for every (α,n) ∈ Σ ×N. Moreover, since A(α | n) = A(β | n)
whenever α(i) = β(i) for 1  i  n, we have that E = {A(α | n): α ∈ Σ, n ∈ N} is a countable family of subsets of X .
Following [14, Deﬁnition 2.3] the family E will be called the envelope of A.
A family {Aα: α ∈ NN} of subsets of a set X is called a resolution for X if it covers X and Aα ⊆ Aβ for α  β . If X is a
quasi-Souslin space then X has a resolution made up of countably compact sets, whereas if X has a resolution made up of
compact sets then X is a quasi-Souslin space [2]. Precisely, a space X is called P-dominated if it admits a resolution made
up of compact sets. Every K -analytic space X is P-dominated [13], but the converse statement is not true in general. We
denote by Cp(X) (by Cc(X)) the space of all real-valued continuous functions on a space X endowed with the pointwise
convergence topology (respectively with the compact-open topology). We put Cp,1(X) = Cp(X) and Cp,n+1(X) = Cp(Cp,n(X))
for all n ∈ N. The topological dual of the locally convex space Cp(X) will be denoted by L(X) and, when equipped with the
weak∗ topology, by Lp(X). If E is a topological vector space recall that a subset A of E is bounded if for each neighborhood
of the origin U in E there is ρ > 0 such that A ⊆ ρU . A set A in Cp(X) is bounded if and only if A is a pointwise bounded
subset of C(X). If E is a topological vector space we shall denote by E∗ its topological dual. In what follows all topological
vector spaces will be over the ﬁeld of real numbers. A family N of subsets of a space X is said to be a network modulo
a family A of subsets of X if for each open set V of X and for every A ∈ A with A ⊆ V there exists N ∈ N such that
A ⊆ N ⊆ V .
Lindelöf Σ-spaces and K -analytic spaces are used both by analysts and topologists, and research on these spaces is very
active [4,9,15]. In this paper we combine techniques of Cp-theory and topological vector space theory together with some of
our own to prove our main theorems, namely (i) the realcompactiﬁcation υ X of a space X is Lindelöf Σ if and only if there
is a covering {Aα: α ∈ Σ} of C(X) indexed by a subset Σ of NN such that if U is a balanced neighborhood of the origin
in Cp(X) then for each α ∈ NN there exists n ∈ N such that A(α | n) ⊆ nU (Theorem 3), and (ii) υ X is K -analytic if and only
if there exists in C(X) a locally convex topology, stronger than the pointwise convergence topology, with a base of absolutely
convex neighborhoods of the origin of the form {Vα: α ∈ NN,  > 0} with Vβ ⊆ Vα if α  β (Theorem 31). We also show
that (iii) if Cp(X) is a Baire space with a closed Σ-covering of limited envelope, then X is countable (Corollary 36).
2. A criterion for υX to be a Lindelöf Σ-space
The proof of our characterization theorem (Theorem 3 below) uses some ideas of [3–5] which combine techniques
from [1, Chapter IV] and from topological vector space theory [8]. Some consequences and applications of this theorem are
left for the next section. In what follows a covering {Aα: α ∈ Σ} with Σ ⊆ NN of a set X will be called a Σ-covering of X .
We also introduce the following deﬁnition for the sake of simplicity.
Deﬁnition 1. We say that the envelope of a family {Aα: α ∈ Σ} of subsets of a topological vector space E with Σ ⊆ NN is
limited if for each α ∈ Σ and each balanced neighborhood of the origin U in E there exists n ∈ N such that A(α | n) ⊆ nU .
Note that if {Aα: α ∈ Σ} is a family of subsets of E with limited envelope, then each set Aα of the family is bounded
in E . The proof of the following lemma is inspired by the proof of [1, Proposition IV.9.3].
Lemma 2. Let E be a topological vector space. If E admits a Σ-covering {Aα: α ∈ Σ} with Σ ⊆ NN of limited envelope, then there
exists a Lindelöf Σ-space Z such that E∗ ⊆ Z ⊆ RE , where RE is endowed with the product topology.
Proof. We will say that a real-valued function f deﬁned on E is E-bounded if for each x ∈ E there exist α ∈ Σ and n ∈ N
such that x ∈ A(α | n) and f (A(α | n)) is a bounded subset of R. By Z we will denote the subset of RE consisting of all
E-bounded functions on E . Let us prove that E∗ ⊆ Z . Indeed, ﬁx u ∈ E∗ and x ∈ E , and since {Aα: α ∈ Σ} covers E , choose
α ∈ Σ with x ∈ Aα . If we set U = u−1{(−1,1)} we can see that U is a balanced neighborhood of the origin in E , hence there
exists n ∈ N such that x ∈ Aα ⊆ A(α | n) ⊆ nU . This implies that |u(y)|  n for each y ∈ A(α | n). Consequently, u belongs
to Z .
Now we prove that Z is a Lindelöf Σ-space. Let H be the closure of Z in RE , where R designs the usual two points
compactiﬁcation of R. For each α ∈ Σ and n, p ∈ N set
Lα,n,p =
{
f ∈ H: f (A(α | n))⊆ [−p, p]}.
The sets Lα,n,p are compact since they are closed in H , and compose a countably family. Choose f ∈ Z and g ∈ H \ Z . Since
g ∈ H \ Z , there exists y ∈ E such that g(A(α | n)) is unbounded in R for each (α,n) ∈ Σ × N for which y ∈ A(α | n).
Since f ∈ Z there are α ∈ Σ and n ∈ N such that y ∈ Aα ⊆ A(α | n) and f (A(α | n)) is bounded in R, so there is p ∈ N
such that f ∈ Lα,n,p . But on the other hand g /∈ Lα,n,p since g is unbounded on A(α | n). Given that H is a compactiﬁcation
of Z , [1, Proposition IV.9.2] applies to conclude that Z is a Lindelöf Σ-space. 
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Proof. If υ X is a Lindelöf Σ-space, by a theorem due to Uspenskiı˘ [1, Proposition IV.9.3] there exists a Lindelöf Σ-
subspace S of Rυ X such that Cp(υ X) ⊆ S . Therefore, if K(S) denotes the family of all compact subsets of S , there is
a subspace Σ of NN and a usc map T :Σ → K(S) such that ⋃{T (α): α ∈ Σ} = S . Since each T (α) is a compact subset
of S , and hence of Rυ X , it follows that Bα = T (α) ∩ Cp(υ X) is a bounded subset of Cp(υ X) for every α ∈ Σ , thereby
a pointwise bounded subset of C(υ X) for every α ∈ Σ . Clearly ⋃{Bα: α ∈ Σ} = Cp(υ X).
If Φ :Cp(υ X) → Cp(X) denotes the restriction map deﬁned by Φ( f ) = f |X , then Φ is a continuous linear map from
Cp(υ X) onto Cp(X). Thus if we set Aα = Φ(Bα) for every α ∈ Σ we can see that {Aα: α ∈ Σ} is a covering of Cp(X) by
bounded sets.
Letting as usual A(α | n) =⋃{Aβ : β ∈ Σ, β(i) = α(i), 1 i  n}, we claim that the envelope {A(α | n): (α,n) ∈ Σ × N}
of {Aα: α ∈ Σ} is limited. Indeed, assume on the contrary that there are α ∈ Σ and a balanced neighborhood of the
origin U in Cp(X) such that A(α | n)  nU for all n ∈ N. Then choose
fn ∈ A(α | n) \ nU
for every n ∈ N and a sequence {βn} in Σ such that fn ∈ Φ(Bβn ) and βn(i) = α(i) for 1 i  n. Let {gn} be a sequence in
C(υ X) with gn ∈ T (βn) such that Φ(gn) = fn for each n ∈ N.
Since T is a usc map and βn → α, it follows that all subsequences of {gn} have a cluster point belonging to the com-
pact subset T (α) of Cp(υ X). This fact ensures that {gn: n ∈ N} is a relatively countably compact subspace of Cp(υ X),
hence a bounded subset of Cp(υ X). Consequently { fn: n ∈ N} must be a bounded subset of Cp(X). Since U is a balanced
neighborhood of the origin in Cp(X) there is m ∈ N such that { fn: n ∈ N} ⊆mU , which yields the contradiction fm ∈mU .
Conversely, if Cp(X) has a Σ-covering with limited envelope an application of Lemma 2 with E = Cp(X) produces a
Lindelöf Σ-space Z such that Lp(X) ⊆ Z ⊆ RC(X) . Since X is embedded in Lp(X), it follows that X ⊆ Z ⊆ RC(X) . Using the
fact that the realcompactiﬁcation υ X of X coincides with the closure of X in RC(X) , we deduce that the closure Y of X in Z
is contained in υ X , that is, X ⊆ Y ⊆ υ X . But this implies that υ X = υY = Y (see [6, Theorem 8.6]). Since Y is a Lindelöf
Σ-space because it is a closed subspace of the Lindelöf Σ-space Z , we get that υ X is a Lindelöf Σ-space as stated. 
Remark 4. The family Σ mentioned before and behind the connective ‘if and only if’ of the statement of the previous
theorem need not be the same. For instance, if K is an inﬁnite Talagrand compact, then X = Cp(K ) is K -analytic while Cp(X)
does not have any NN-covering with limited envelope. Otherwise, by Proposition 13 below, Cp(X) would have a resolution
consisting of bounded sets, which requires K to be ﬁnite, [4, Corollary 2].
Corollary 5. If X is realcompact, the following are equivalent:
(1) X is a Lindelöf Σ-space.
(2) Cp(X) admits a Σ-covering with limited envelope.
Proof. If X is realcompact then υ X = X . Therefore the corollary is a straightforward consequence of the previous theo-
rem. 
Corollary 6. A space X is Lindelöf Σ if and only if the two following conditions hold:
(1) Cp(X) has countable tightness, and
(2) Cp(X) admits a Σ-covering with limited envelope.
Proof. If X is a Lindelöf Σ-space then Xn is Lindelöf Σ , hence Lindelöf, for every n ∈ N. Thus, by Arkhangel’skii’s theorem
[1, Theorem II.1.1 (Necessity)], Cp(X) has countable tightness and property (1) holds. Since υ X = X is a Lindelöf Σ-space,
Theorem 3 assures that property (2) is satisﬁed. Conversely, if Cp(X) satisﬁes condition (1), according to Pytkeev’s theorem
[1, Theorem II.1.1 (Suﬃciency)], Xn is Lindelöf for every n ∈ N. Hence X is realcompact and condition (2), together with
Theorem 3, ensures that X = υ X is a Lindelöf Σ-space. 
Proposition 7. υ X is a Lindelöf Σ-space if and only if there exists a Lindelöf Σ-space Z such that Lp(X) ⊆ Z ⊆ RC(X) .
Proof. If υ X is a Lindelöf Σ-space, by Theorem 3 the space Cp(X) admits a Σ-covering with limited envelope, so Lemma 2
with E = Cp(X) shows that there exists a Lindelöf Σ-space Z such that Lp(X) ⊆ Z ⊆ RC(X) .
Assume conversely that there exists a Lindelöf Σ-space Z located between Lp(X) and RC(X) . Since X is embedded
in Lp(X) and the realcompactiﬁcation υ X of X coincides with the closure of X in RC(X) , the last part of the proof of
Theorem 3 shows that X ⊆ X Z ⊆ υ X . This implies that υ X is homeomorphic to the Lindelöf Σ-space X Z . 
Next proposition exhibits an equivalent condition for a family of subsets of a topological vector space to have limited
envelope.
826 J.C. Ferrando / Topology and its Applications 156 (2009) 823–830Lemma 8. Let E be a topological vector space. If A = {Aα: α ∈ Σ} is a family of subsets with Σ ⊆ NN enjoying the property that if
αn → α in Σ and xn ∈ Aαn for every n ∈ N then {xn} is a bounded sequence in E, then A has limited envelope.
Proof. Assume by contradiction that the envelope {A(α | n): α ∈ Σ, n ∈ N} of A is not limited. Then there is α ∈ Σ and
a balanced neighborhood of the origin U in E with A(α | n)  nU for every n ∈ N. Choosing xn ∈ A(α | n)\nU for each n ∈ N
there exists a sequence {αn} in Σ with αn(i) = α(i) for 1 i  n and xn ∈ Aαn for all n ∈ N. Since αn → α in Σ , according
to the hypothesis the sequence {xn} is bounded in E . Hence there exists m ∈ N such that xm ∈mU , a contradiction. 
Proposition 9. Let E be a topological vector space and let A = {Aα: α ∈ Σ} be a family of subsets of E with Σ ⊆ NN . The family A
has limited envelope if and only if the set
⋃{Aαn : n ∈ N} is bounded whenever {αn} is a convergent sequence in Σ .
Proof. For the suﬃciency, assume αn → α in Σ and xn ∈ Aαn for every n ∈ N. Since by assumption {xn: n ∈ N} ⊆⋃{Aαn : n ∈ N} is bounded in E , Lemma 8 ensures that the family A has limited envelope. For the necessity assume
by contradiction that there is {αn} ⊆ Σ with αn → α in Σ such that ⋃{Aαn : n ∈ N} is not bounded in E . Hence there is
a balanced neighborhood of the origin U in E such that
⋃{Aαn : n ∈ N}  kU for each k ∈ N. Since each Aα is bounded
there exist a strictly increasing sequence {nk} ⊆ N and a sequence {xk} ⊆ E with xk ∈ Aαnk \ kU for each k ∈ N. Since by
assumption A has limited envelope, there is m ∈ N such that A(α |m) ⊆mU . But since αnk → α in Σ , there is j ∈ N such
that αnk (i) = α(i) with 1 i m for all k  j. This means that Aαnk ⊆ A(α |m) ⊆mU for every k  j. Choosing s  j such
that ns m we get Ans ⊆ nsU . Consequently xns ∈ nsU , a contradiction. 
3. Consequences of the characterization theorem
Throughout all this section we enlighten the interest of Theorem 3 by exhibiting some classes of topological vector
spaces containing a Σ-covering with limited envelope. This will allow us to get some consequences of this theorem.
Proposition 10. Let E be a linear subspace of a topological vector space F . If there is a Lindelöf Σ-space X such that E ⊆ X ⊆ F , then
E admits a Σ-covering with limited envelope.
Proof. Since every Lindelöf Σ-space is countably K -determined there exists a usc map T from a subspace Σ of NN into the
family of all compact subsets of X such that
⋃{T (α): α ∈ Σ} = X . Hence, if we set Aα = T (α)∩ E , the family {Aα: α ∈ Σ}
is as required. Indeed, it covers E and if U is a balanced neighborhood of the origin in E and α ∈ NN there is n ∈ N such
that A(α | n) ⊆ nU . Otherwise for each n ∈ N there would exist α ∈ NN and xn ∈ A(α | n) \ nU for each n ∈ N. If {αn} ⊆ Σ
with αn(i) = α(i) for 1 i  n veriﬁes that xn ∈ T (αn)∩ E for every n ∈ N then αn → α in Σ and hence every subsequence
of {xn} has a cluster point in T (α). This guarantees that the sequence {xn} is bounded in E , so there is m ∈ N with xm ∈mU ,
a contradiction. 
Example 11. If X denotes the Lindelöﬁcation of the ordinal interval [0,ω1) then Cp(X) admits no Σ-covering with limited envelope.
Indeed, since X is a realcompact space (in fact a Lindelöf P -space) which is not Lindelöf Σ , Theorem 3 prevents Cp(X) from
having such a covering. Since υCp(X) is (homeomorphic to) a subspace of RX by a result of Okunev, then by the previous
proposition υCp(X) neither is a Lindelöf Σ-space.
Proposition 12. Every resolution for a topological vector space E made up of bounded sets has limited envelope.
Proof. If {Aα: α ∈ NN} is a resolution of E consisting of bounded sets, assume by contradiction that there exist α ∈ NN and
a balanced neighborhood of the origin U in E such that A(α | n)  nU for each n ∈ N. Then take xn ∈ A(α | n) \ nU for each
n ∈ N. Since xn ∈ A(α | n) there is αn ∈ NN with xn ∈ Aαn and αn(i) = α(i) for 1 i  n. If we set δ(i) = max{αn(i): n ∈ N}
for each i ∈ N, we can see that δ ∈ NN and αn  δ for every n ∈ N. This implies that Aαn ⊆ Aδ , hence xn ∈ Aδ for all
n ∈ N. Since Aδ is bounded and U is a balanced neighborhood of the origin in E there is m ∈ N such that Aδ ⊆mU . Hence
xm ∈mU , a contradiction. 
Proposition 13. The existence of a resolution for a topological vector space E consisting of bounded sets is equivalent to the existence
of an NN-covering of E with limited envelope.
Proof. One direction is Proposition 12. Conversely, if {Aα: α ∈ NN} is an NN-covering of E with limited envelope, for each
α ∈ NN put Bα = ⋃{Aβ : β  α}. Clearly {Bα: α ∈ NN} is a resolution for E . In order to see that Bα is bounded, ﬁx
a balanced neighborhood of the origin U in E and assume be contradiction that Bα  nU for all n ∈ N. Then choose αn  α
such that Aαn  nU . Since the sequence {αn} is bounded in NN it has a convergent subsequence {αnk }. By Proposition 9
the set A =⋃{Aαnk : k ∈ N} is bounded, so there is m ∈ N such that A ⊆ mU . Taking j ∈ N such that n j m, we see that
Aαn j ⊆ n jU , a contradiction. 
J.C. Ferrando / Topology and its Applications 156 (2009) 823–830 827Proposition 14. If a locally convex space E has a stronger metrizable locally convex topology, then E always admits an NN-covering
with limited envelope.
Proof. Indeed, if τ is a stronger metrizable locally convex topology on E and {Vn: n ∈ N} is a decreasing base of absolutely
convex neighborhoods of the origin in (E, τ ), setting Aα =⋂∞n=1 α(n)Vn for each α ∈ NN , the family A = {Aα: α ∈ NN} is
a resolution of E made up of bounded sets. By Proposition 12, A is an NN-covering of E with limited envelope. 
Remark 15. By the previous proposition, if Cc(X) is metrizable then Cp(X) admits an NN-covering with limited envelope.
On the other hand, as pointed out in [4], a simple example of a space Cp(X) with a resolution made up of bounded sets
is provided when X is covered by a sequence {Cn: n ∈ N} of functionally bounded sets. In this case {Aα: α ∈ NN} with
Aα = { f ∈ C(X): supx∈Cn | f (x)| α(n), n ∈ N} is a bounded resolution for Cp(X). So, for instance, if X is homeomorphic to
a closed subspace of a reﬂexive Banach space in its weak topology, then Cp(X) has a resolution made up of bounded sets.
Proposition 16. Let E be a linear subspace of a topological vector space F . If there is a quasi-Souslin space X such that E ⊆ X ⊆ F ,
then E admits an NN-covering with limited envelope.
Proof. Since X is a quasi-Souslin space there exists a mapping T from NN into the family of all subsets of X such that⋃{T (α): α ∈ NN} = X satisfying that if αn → α in NN and xn ∈ T (αn) for every n ∈ N, the sequence {xn} has a cluster point
x ∈ T (α). Hence, if we set Aα = T (α)∩ E , a similar argument to the one given in the proof of Proposition 10 shows that the
family {Aα: α ∈ NN} is as required. 
A space Cp(X) which admits a Σ-covering with limited envelope need not be quasi-Souslin, as the following example
shows.
Example 17. If X = RN then Cp(X) has a Σ-covering with limited envelope but it is not a quasi-Souslin space. Since X is analytic,
Cp(X) has a Σ-covering with limited envelope by virtue of Corollary 5. As Cp(X) = Cp(Cp(N)), we can see that Cp(X) is
not K -analytic by virtue of [1, Theorem IV.9.21]. Finally, knowing that a space Cp(X) is quasi-Souslin if and only if it is
K -analytic [3, Theorem 8], we are done.
Corollary 18. (Arkhangel’skii [1, Theorem IV.9.5]) If υCp(X) is Lindelöf Σ , so is υ X.
Proof. This is an obvious consequence of Theorem 3 and Proposition 10. 
Corollary 19. (Okunev [11, Theorem 3.5]) If Cp(X) is Lindelöf Σ , then so is υ X.
Corollary 20. If Cp,n(X) admits a Σ-covering with limited envelope for some n 1, then υ X is a Lindelöf Σ-space.
Proof. For n = 1 this is Theorem 3. If Cp,n(X) admits a Σ-covering with limited envelope with n  2, again by Theorem 3
the space υCp,n−1(X) is Lindelöf Σ . So it follows from Corollary 18 that υ X is a Lindelöf Σ-space. 
Corollary 21. If υCp(X) is a quasi-Souslin space, then υ X is a Lindelöf Σ-space.
Proof. This is a straightforward consequence of Theorem 3 and Proposition 16. 
Corollary 22. (Ferrando and Moll [5, Lemma 1]) If Cp(X) is a quasi-Souslin space, then υ X is a Lindelöf Σ-space.
Corollary 23. If Cp(X) admits a resolution made up of bounded sets, then υ X is a Lindelöf Σ-space.
Proof. This is consequence of Theorem 3 and Proposition 12. 
The following consequence of the preceding corollary was shown for the ﬁrst time by Tkachuk in the ‘only if’ part of the
proof of [14, Theorem 2.8].
Corollary 24. If Cp(X) is P-dominated, then υ X is a Lindelöf Σ-space.
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In the opposite direction to the previous corollaries, we apply Theorem 3 to provide some spaces Cp(X) containing a
Σ-covering with limited envelope.
Proposition 25. If X has a countable network modulo a cover of X by countably compact sets, then υ X is a Lindelöf Σ-space.
Consequently, there exists a Σ-covering of Cp(X) with limited envelope.
Proof. It suﬃces to show the ﬁrst statement, for then the second is consequence of Theorem 3. Let N be a countable
network modulo a cover A of X by countably compact sets. Then deﬁne N1 = {Nυ X : N ∈ N } and A1 = {Aυ X : A ∈ A},
and set Y =⋃A1. Note that each element of A1 is a compact set in υ X . Let us show that N1 is a (countable) network
in Y modulo the compact cover A1 of Y . If V is an open neighborhood of Aυ X in υ X , use the regularity of υ X to
get a closed neighborhood W of Aυ X contained in V . Since N is a network in X modulo A there exists N ∈ N with
A ⊆ N ⊆ W ∩ X , which implies that Aυ X ⊆ Nυ X ⊆ V ∩ Y . Thanks to Nagami’s criterion [1, Proposition IV.9.1] we conclude
that Y is a Lindelöf Σ-space. But since X ⊆ Y ⊆ υ X and υY = Y because Y is Lindelöf and hence realcompact, it follows
that υ X = Y [6, Theorem 8.6]. Therefore υ X is a Lindelöf Σ-space. 
Corollary 26. If X is a quasi-Souslin space, then there exists a Σ-covering of Cp(X) with limited envelope.
Proof. Since every quasi-Souslin space has a countable network modulo a cover by countably compact sets (see for instance
the ﬁrst part of the proof of [3, Theorem 8]), Proposition 25 applies. 
Example 27. If X is a realcompact space such that the weak∗ dual of Cc(X) is quasi-Souslin, then there exists in Cp(X)
a Σ-covering with limited envelope.
Proof. If Cc(X)∗ denotes the topological dual of the locally convex space Cc(X) equipped with the weak∗ topology then,
up to homeomorphisms, one has that X ⊆ Cc(X)∗ ⊆ RC(X) . As the realcompactness of X forces it to be a closed subspace
of RC(X) , we see that X is quasi-Souslin and realcompact, hence K -analytic. So by Theorem 3 the space Cp(X) contains a
Σ-covering with limited envelope. 
Remark 28. According to [4, Corollary 2], if X is realcompact the space Cp,2(X) has a resolution made up of bounded
sets if and only if X is ﬁnite. The situation for Σ-coverings with limited envelope is completely different since Cp,n(X)
may have a Σ-covering with limited envelope for each n ∈ N. In fact, according to Proposition 10, it suﬃces for Cp,n(X)
to be a Lindelöf Σ-space for every n ∈ N, a circumstance which always occurs when both X and Cp(X) are Lindelöf Σ-
spaces [1, Corollary IV.9.18]. In particular, if K is an inﬁnite Gul’ko compact set both K and Cp(K ) are Lindelöf Σ-spaces.
Likewise, since Cp(R) is homeomorphic to Cp([0,1]) by a result of Gul’ko and Khmyleva, both R and Cp(R) are analytic. So
in these two examples Cp,n(X) has a Σ-covering with limited envelope for every n 2 but Cp,n(X) has no resolution made
up of bounded sets for n 2.
5. A criterion for υX to be a K -analytic space
In this section we provide a criterion for υ X to be K -analytic in terms of the space Cp(X). But ﬁrst we need to prove
two useful lemmas.
Lemma 29. If X is a quasi-Souslin space, then υ X is K -analytic.
Proof. Let T :NN → P(X) be a mapping such that (i) {T (α): α ∈ NN} covers X and (ii) if a sequence {αn} in NN converges
to α ∈ NN and xn ∈ T (αn) for each n ∈ N, the sequence {xn} has a cluster point in X contained in T (α). Since T (α) is
a countably compact subset of X for every α ∈ NN , every set T (α) is a bounding subset of the realcompact space υ X ,
whence a relatively compact subset of υ X . Consequently, the closure T (α)υ X of T (α) in υ X is compact for every α ∈ NN .
If K(υ X) denotes the family of all compact subsets of υ X , let us show that the map S :NN → K(υ X) deﬁned by
S(α) = T (α)υ X is upper semi-continuous. So ﬁx γ ∈ NN and a neighborhood U of S(γ ) in υ X . Since S(γ ) is compact and
υ X is regular, there is an open neighborhood V of S(γ ) in υ X such that V υ X ⊆ U . Suppose
⋃{
T (β): β ∈ NN, β(i) = γ (i), 1 i  n} V
for every n ∈ N. Then choose γn ∈ NN so that γn(i) = γ (i) for 1  i  n and pick yn ∈ T (γn) \ V for each n ∈ N. By
assumption, the sequence {yn} has a cluster point in T (γ ). On the other hand {yn: n ∈ N}υ X ⊆ υ X \ V and T (γ ) ⊆ V ,
a contradiction. Hence there exists m ∈ N such that ⋃{T (β): β ∈ NN, β(i) = γ (i), 1 i m} ⊆ V . Setting W := {β ∈ NN:
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into K(υ X).
All this shows that the space Y =⋃{S(α): α ∈ NN} is K -analytic. Due to the fact that X ⊆ Y ⊆ υ X , it follows from
[6, Theorem 8.6] that υY = υ X . Given that Y is realcompact, we conclude that υ X = Y so that υ X is K -analytic. 
Lemma 30. υ X is K -analytic if and only if Lp(X) admits a resolution made up of bounded sets.
Proof. Assume that Lp(X) admits a resolution {Aα: α ∈ NN} made up of bounded sets. Since X is homeomorphic to a
(closed) subspace of Lp(X), if we set Bα = Aα ∩ X for each α ∈ NN then {Bα: α ∈ NN} is a covering of X such that Bα ⊆ Bβ
if α  β .
Given that each function f ∈ C(X) extends to a continuous linear form f˜ on Lp(X), each Bα is a functionally bounded
subset of X . Indeed, given f ∈ C(X) then f˜ (Aα) is a bounded subset of R, so that f (Bα) = f˜ (Bα) ⊆ f˜ (Aα) is a bounded set
in R. Putting Cα = Bαυ X and deﬁning Y =⋃{Cα: α ∈ NN}, then {Cα: α ∈ NN} is a resolution of Y consisting of compact
sets. As is well known, this implies that Y is a quasi-Souslin space. Since X ⊆ Y ⊆ υ X , we have υ X = υY and Lemma 29
guarantees that υ X is K -analytic.
Assume conversely that υ X is K -analytic. Then Lp(υ X) is K -analytic as a consequence of [1, Proposition 0.5.13], which
implies that Lp(υ X) is P-dominated [13], that is, that has a resolution {Aα: α ∈ NN} made up of compact sets. Since
the restriction map Φ from Cp(υ X) onto Cp(X) is linear and continuous, its adjoint Φ∗ : Lp(X) → Lp(υ X) embeds Lp(X)
isomorphically in a linear subspace of Lp(υ X). Clearly {Aα ∩ Lp(X): α ∈ NN} is a resolution of Lp(X) made up of bounded
sets. 
Theorem 31. υ X is K -analytic if and only if there exists in C(X) a locally convex topology, stronger than the pointwise convergence
topology, with a base of absolutely convex neighborhoods of the origin of the form {Vα: α ∈ NN,  > 0} with Vβ ⊆ Vα if α  β .
Proof. Assume that υ X is K -analytic and use Lemma 30 to get a resolution {Aα: α ∈ NN} on Lp(X) made up of bounded
sets. Since Cp(X) is the weak∗ dual of Lp(X), the polars {A0α: α ∈ NN} with respect to C(X) of the sets of the resolution
form a family of absolutely convex and absorbent subsets of C(X) such that A0α ⊆ A0β if β  α. Since each ﬁnite subset
of L(X) is contained in some set Aα , the family {A0α: α ∈ NN,  > 0} is a base of absolutely convex neighborhoods of the
origin of a locally convex topology τ on C(X) stronger than the pointwise convergence topology.
Conversely, if there is in C(X) a locally convex topology τ stronger than the pointwise convergence topology with a
base of absolutely convex neighborhoods of the origin of the form {Vα: α ∈ NN,  > 0} with Vβ ⊆ Vα if α  β and H
denotes the topological dual of (C(X), τ ) then L(X) ⊆ H and the family {nV 0α: α ∈ NN, n ∈ N}, the polars being taken with
respect to H , covers the linear space H . If for each α ∈ NN we deﬁne α∗ ∈ NN so that α∗(i) = α(i + 1) for each i ∈ N and
put Hα = α(1)V 0α∗ then clearly Hα ⊆ Hβ if α  β and
⋃{Hα: α ∈ NN} = H . Consequently, the family {Hα: α ∈ NN} is
a resolution of H made up of absolutely convex σ(H,C(X))-compact sets. If for each α ∈ NN we deﬁne Bα = Hα ∩ L(X),
then the family {Bα: α ∈ NN} is a resolution of Lp(X) made up of bounded sets. Hence υ X is K -analytic as a consequence
of Lemma 30. 
Proposition 32. If X is realcompact, the following are equivalent:
(1) Lp(X) is K -analytic.
(2) Lp(X) is P-dominated.
(3) Lp(X) has a resolution made up of bounded sets.
Proof. (1) ⇒ (2). If Lp(X) is K -analytic, then it admits a resolution by compact sets as shown in [13]. The implication
(2) ⇒ (3) is obvious. To show that (3) ⇒ (1), assume that Lp(X) has a resolution made up of bounded sets. Then Lemma 30
assures that X = υ X is K -analytic. Hence [1, Proposition 0.5.13] ensures that Lp(X) is K -analytic as well. 
6. A metrization result for Cp(X)
Throughout this section we shall assume that the set Σ is closed.
Theorem 33. Let E be a Baire locally convex space. If E has a Σ-covering with limited envelope, then E is metrizable.
Proof. Let A = {Aα: α ∈ Σ} be a Σ-covering of E with limited envelope and let E = {A(α | n): α ∈ Σ, n ∈ N} be
the envelope of A. First note that the countable family E is a web of subsets of E covering E , in the sense that
E =⋃{A(α | 1): α ∈ Σ} and
A(α | n) =
⋃{
A(β | n + 1): β ∈ Σ, β(i) = α(i), 1 i  n}
for every n ∈ N, where it must be pointed out that all these unions are countable.
830 J.C. Ferrando / Topology and its Applications 156 (2009) 823–830Since E is Baire and E is a web of subsets of E which covers E , setting Aα(1),α(2),...,α(n) = A(α | n) for every α ∈ Σ and
n ∈ N there is γ in Σ such that Aγ (1),γ (2),...,γ (n) − Aγ (1),γ (2),...,γ (n) is a neighborhood of the origin in E for each n ∈ N.
So we may choose a decreasing sequence {Un: n ∈ N} of absolutely convex neighborhoods of the origin in E such that
Un ⊆ Aγ (1),γ (2),...,γ (n) − Aγ (1),γ (2),...,γ (n) for every n ∈ N. If V is any absolutely convex neighborhood of the origin in E ,
let W be a closed absolutely convex neighborhood of the origin in E such that 2W ⊆ V . Since A is a Σ-covering with
limited envelope and W is a balanced neighborhood of the origin in E , there exists n ∈ N with A(γ | n) ⊆ nW and hence
Aγ (1),γ (2),...,γ (n) − Aγ (1),γ (2),...,γ (n) = A(γ | n) − A(γ | n) ⊆ 2nW ⊆ nV .
This shows that n−1Un ⊆ V , so that {n−1Un: n ∈ N} is a countable base of absolutely convex neighborhoods of the origin
in E . Consequently, E is metrizable. 
Corollary 34. RX has a Σ-covering with limited envelope if and only if |X | ℵ0 .
Proof. If |X |  ℵ0 then RX is analytic, hence P-dominated. For the converse note that RX is always a Baire space, so
Theorem 33 requires that |X | ℵ0. 
Corollary 35. (Ka¸kol and López Pellicer [7, Corollary 1]) A Baire locally convex space which admits a resolution made up of bounded
sets must be metrizable.
Proof. This follows directly from Proposition 12 and Theorem 33. 
Corollary 36. If Cp(X) is a Baire space with a (closed) Σ-covering of limited envelope, then X is countable.
Corollary 37. Let X be a space such that Cp(X) is Baire. If υCp(X) is Lindelöf Σ , then X is countable.
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